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Abstract: We globally quench the theory of two dimensional massless fermions (many
flavours) with quartic interactions by making the quartic coupling a smooth function of
time. Working in a derivative expansion we show that the discrete Z2 symmetry in case
of the Gross-Neveu model, and the U(1) symmetry in case of the Nambu- Jona-Lasinio2
model, are restored during the zero-temperature quench. For the Gross-Neveu model we
show that this can be understood as an effective thermalization. The time of symmetry
restoration shows scaling with the quench rate. We identify this with the Kibble-Zurek
scaling in the problem. In a suitable double scaling limit, the symmetry restoration may
be understood in terms of Liouville quantum mechanics.
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1 Introduction : Quench physics
As most physics is out-of-equilibrium and tools are few, systems which allow analytical
control are very valuable in understanding dynamics. It is thus not surprizing that a lot of
effort has gone into studying quantum quenches in exactly and partially solvable systems.
These include free quantum field theories [1] where time-dependent solutions are exactly
known. Next, there are quenches across quantum critical points where one can use confor-
mal field theoretic technologies, which are especially powerful in 1+1 dimensions [2]. There
has also been a certain degree of progress in bosonic models with a large number of degree
of freedom, inverse of which acts like an expansion parameter [3]. Recently there has been
progress in the field of sudden quenches for integrable theories, wherein the initial state
ansatz can be bootstrapped using integrability techniques[4]. The cited references serve as
sample examples for each of the cases. One motivation of this work is to contribute to the
above list and subsequently explore universalities that emerge in non-equilibrium dynam-
ics.
An experimentally realizable out of equilibrium set-up is to drive the system by tuning the
1
coupling (g) smoothly as a function of time. Even if we start from the ground state of the
theory, the properties of the driven system now get contributions from excited states. This
is what makes the dynamics both difficult as well as interesting. Different universalities
emerge depending upon the details of the quench protocol. Recent studies have shown that
generically the steady state turns out to have characteristics well described by a Gibbs or
a Generalized Gibbs ensemble. When the quench is sudden then the analysis simplifies,
since the problem now reduces to evolving an initially prepared state, |ψ0〉 using a new
post-quench Hamiltonian. When the quench is to a critical point, [2] used techniques from
boundary conformal field theory to investigate post-quench correlators and obtained uni-
versal features. The state |ψ0〉 behaves like a thermal state with the temperature being
related to the initial mass gap. Correlators calculated in this state depend on the operator
conformal dimensions. However, as all theories have a UV cut-off, smooth quenches are
more realistic than sudden ones. The smoothness is characterized by a time scale δt over
which the change in coupling takes place, i.e., , g = g(t/δt). Various quench protocols
are thus distinguished via various smooth functions. Such scenarios occur naturally, in the
context of our expanding universe [5, 6], as well as in heavy-ion-collisions at the RHIC
experiments in LHC, [7, 8]. The latter phenomena is directly relevant towards understand-
ing the steady state of the quark-gluon plasma. An important feature of the quark-gluon
plasma is that it is strongly coupled. In this work we shall study smooth quenches in a
1+1 dimensional strongly interacting fermionic model that bears a lot of similarities with
quantum chromodynamics, like asymptotic freedom, dimensional transmutation, and dy-
namical symmetry breaking.
Post-smooth-quenches universal features emerge depending on the rate of the quench. There
are two main regimes, the fast, and the slow. The fast is when Λ > δt−1 > E(0)g , where Λ
is the ultra-violet (UV) cut-off and E
(0)
g is the mass gap of the initial pre-quench state. In
this case universal scaling emerges from the fixed point at the UV. This scaling has been
observed in free theories, as well as using holography. See the dissertation [9] and references
therein. The slow regime is when δt−1 < E(0)g < Λ. In this case too one may break adia-
baticty. Obviously, there is no escape if one crosses a critical point during the quench, but
adiabaticity also breaks if one comes close enough to one. The criteria for adiabatic break-
down can be obtained by calculating the time dependent gap using adiabatic perturbation
theory. This is a calculation in a derivative expansion, where one assumes, g > g˙ > g¨ . . . . It
results in Eg(t) = E
(0)
g (t)+E
(1)
g (t)+. . . , where E
(1)
g is the leading correction to the gap and
further corrections are denoted by the . . . . This expansion breaks down when E
(1)
g ∼ E(0)g ,
which happens at a particular time, dubbed as the Kibble-Zurek (KZ) time, tKZ . tKZ is the
time when the system fails to respond to the quench, and all correlators freeze at this scale.
The KZ time is generically a function of the rate, tKZ = tKZ(δt). Operator expectations
are dictated by this scale : 〈O∆〉 ∼ t−∆KZ [10, 11]. For a nice review including experimental
results, see [12]. Both the fast as well as the KZ scalings have extensively been investigated
in explicitly solvable models either in the continuum or on the lattice. See [1, 13–16] for
studies in the continuum and [17–19] for some lattice examples. In all of the field theo-
retic examples exhibiting the KZ scalings, investigations have been limited to Hamiltonia
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which can be quadraticized, else in scenarios involving one ( or more ) critical point(s), and
thereby in certain cases using the CFT technology. It is a much wider and unknown area
to explore quenches in interacting quantum field theories away from criticality. Recently, in
[20] the authors considered a φ4 theory in 4− dimensions and addressed the quench of the
quartic coupling constant. Perturbatively (in the quartic coupling) they were able to show
how renormalization group effects via time-dependent counterterms, induce a quench in the
running mass. In the quartic fermionic model we also find a induced time dependent gap
resulting from the quartic coupling quench. Our calculation however is non-perturbative in
the coupling, as we rely on the largeness of the number (N) of fermionic flavours, which
allows us to focus on a special class of diagrams that can be summed.
Large N methods have previously been used to study quenches in interacting theories
[3, 5, 6, 21, 22]. As a result of the quench the system often exhibits an effective thermal
behaviour, however there has not been any explicit KZ scaling analysis in this setting. In
our work we present such a scenario where a KZ scale emerges. We find that the scaling
is tied to restoration of a dynamically broken symmetry of the system. It is also known
that this broken symmetry gets restored at finite temperatures [23, 24]. We show that
the restoration during the quench can be understood as an effective thermalization at a
temperature which takes the system to the symmetric, disordered phase. While one is guar-
anteed to break adiabaticity while crossing a critical point, the adiabatic expansion can
still breakdown close to the critical point. In our set-up too we shall stay close to the g = 0,
UV fixed point, close enough in order to get the emergent KZ scaling.
Organization : In §2 we describe the model and briefly state its equilibrium properties.
Then we set up the problem in the Schwinger-Keldysh contour which allows us to con-
veniently study the quench in large N . In §3 we focus on the dynamical gap equation
using derivative expansion. In §3.1 we solve it numerically and state the results which show
that quenches lead towards restoration of a discrete symmetry. In §3.1.2 we argue how the
broken-restoration transition during quench can be interpreted as an effective thermaliza-
tion. Next we investigate KZ in §4 and analytically argue for the scaling of the symmetry
restoration time. In the subsection §4.1 we show that the order parameter dynamics has
a natural double scaling limit wherein the symmetry restored configuration can be under-
stood via Liouville quantum mechanics. We outline some future directions and end with
some discussions in §5. Appendix §A contains detail of the derivative expansion. Numerics
relevant for §4 is relegated to appendix §B. A full-fledged analysis of a similar model is
carried out in §B.1 which also exhibits restoration of symmetry, albeit a continuous one.
2 Setting-up the quench in the Gross-Neveu model
The focus of our study is the theory of two dimensional massless fermions with quartic
interactions, introduced by Gross and Neveu [25]. The Gross-Neveu model is a renormaliz-
able field theory admitting a 1/N expansion (where N is the number of fermion flavours)
and displays asymptotic freedom and dynamical symmetry breakdown. The discrete chiral
symmetry Z2 of the model is dynamically broken via the generation of a 〈ψ¯ψ〉 mass term,
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which is non-perturbative in the quartic coupling. It is also known that the symmetry gets
restored at finite temperature [23, 24] and also in presence of finite curvature [26]. We
implement the smooth quench by promoting the constant quartic coupling g to g(t/δt). A
global quench can be thought of as turning on a time-dependent metric. Furthermore, it
is also expected that a strongly interacting system will eventually thermalize. Therefore
it may be expected that under a quench the symmetry may get restored eventually. At
equilibrium, the Gross-Neveu (GN) action is given by,
S =
∫
d2x{ψ¯ii/∂ψi + 1
2N
g2(ψ¯iψi)
2} (2.1)
where coupling g2 is kept fixed as N → ∞. The large number N here, is the number
of fermionic species, i ∈ {1, N}. In two dimensions the bare fermion mass dimension is
1
2 , hence the coupling is dimensionless and consequently gets only logarithmic corrections
=⇒ the theory is renormalizable. γ0 and γ1 are 2 × 2 gamma matrices in 2 dimensions,
which we take to be in the Weyl basis (§2.1). A mass term is a priori excluded by the
discrete chiral symmetry,
ψi → γ5ψi, ψ¯i → −ψ¯iγ5.
It is this symmetry that suffers from a dynamic breakdown. To solve the theory in large
N one introduces an auxiliary scalar field σ,
S =
∫
d2x{ψ¯i/∂ψ − N
2g2
σ2 + σψ¯ψ}. (2.2)
Integrating over σ gives back eq(2.1). The discrete chiral symmetry acts as a simple Z2,
σ → −σ. In equilibrium one can regard σ(x, t) = σ to be a spacetime constant. Integrating
out the fermions and then evaluating the saddle in the σ functional integral yields,
σ = 2Λ
epi/g
2
e2pi/g2 − 1 ∼ 2Λe
−pi/g2 , (2.3)
where Λ is the cut-off scale. Note that the last ∼ approximation holds for g → 0 only. In
our analysis we do not make any small g approximation. This non-zero value of σ = g
2
N ψ¯ψ
signals the breakdown of the Z2 symmetry, and results in a mass for the fermions. For the
time-dependent g, all amplitudes now need to be calculated using the Schwinger-Keldysh
contour. Also as we shall see, that we can no longer choose σ(x, t) as a spacetime constant.
The partition function evaluated using the Schwinger-Keldysh contour is given by,
Z =
∫
Dψ¯±Dψ±Dσ± exp
[
i{S(ψ¯+, ψ+, σ+)− S(ψ¯−, ψ−, σ−)}
]
(2.4)
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where,
S(ψ¯+, ψ+, σ+)− S(ψ¯−, ψ−, σ−) =
∫
d2x[ψ¯+(i/∂ + σ+)ψ+ − ψ¯−(i/∂ + σ−)ψ−
− N
2g2(t)
(σ2+ − σ2−)]. (2.5)
Next, we integrate out ψ¯±, ψ± to obtain the effective action,
Seff(σ) = −N Tr logD − N
2g2(t)
∫
d2x(σ2+ − σ2−),
with D =
(
i/∂ + σ+ 0
0 −i/∂ − σ−
)
. (2.6)
At large-N , Seff(σ) is dominated by the saddle point configuration which is given by,
σ±
g2(t)
= −Tr
[
1
i/∂ + σ±
]
= −
∫ ∞
−∞
dk 〈χ¯k(t)χk(t)〉. (2.7)
Note, that in general due to the boundary condition at the turning point of the Schwinger-
Keldysh contour, there are non-trivial correlations between the + and the − fields, however
the classical saddle remains unaffected [27]. The first equality in eq(2.7) shows that σ can
no longer be constant in time. Therefore in the second equality, χ is a free massive fermion
in two spacetime dimensions with a time dependent mass m(t) = −σ(t), whose correlator
we seek. The fermionic field χ is used as an auxiliary field employed to calculate the trace.
This is the problem we turn to next.
2.1 Free fermion with time-dependent mass
The relevant Dirac equation that we solve for is,(
iγ0∂0 + iγ
1∂1 −m(t)
)
χ(x, t) = 0. (2.8)
We follow the conventions used in [28], and work in the Weyl-basis where the γ matrices
take the form,
γ0 =
(
0 1
1 0
)
, γ1 =
(
0 1
−1 0
)
. (2.9)
Next, we decompose the Dirac field into momenta modes, χ(x, t) =
∑
k e
ikxχk(t). The
equation satisfied by χk(t) is,
(
iγ0∂0 − kγ1 −m(t)
)
χk(t) = 0. We choose the spinor basis
of solutions as,
uk(t) =
eikx√
2pi
(
hIk(t)
−hIIk (t)
)
, vk(t) =
e−ikx√
2pi
(
hII∗−k (t)
hI∗−k(t)
)
. (2.10)
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The equation of motion in momentum space translates into the following coupled equations
of motion,
h˙Ik − ikhIk − imhIIk = 0, h˙IIk + ikhIIk − imhIk = 0, (2.11)
along with the standard normalization condition, |hI±k|2 + |hII±k|2 = 1. Now we can write
down the second-quantized mode expansion for the Dirac field as, χ(x, t) =
∫
dk [Bkuk(t, x)+
D†kvk(t, x)], where, {Bk, B†k′} = δ(k − k′) and {Dk, D†k′} = δ(k − k′). With these relations
one can check that, {χ(x, t), χ†(y, t)} = δ(x− y)I2×2. A straightforward algebra gives,∫
dk 〈χ¯k(t)χk(t)〉 =
∫ ∞
−∞
dk
2pi
(
hI−kh
II∗
−k + h
II
−kh
I∗
−k
)
.
To proceed we propose the following ansatz,
hIk =
√
ωk(t)− k
2ωk(t)
e−i
∫ t ωk(t′)dt′ , hIIk = −
√
ωk(t) + k
2ωk(t)
e−i
∫ t ωk(t′)dt′ . (2.12)
This is inspired from equations (2.11)1. Note, that this is quite different from the ansatz
used in the bosonic cases [21, 22], wherein there is only a single mode to solve for, and the
prefactor is also considerably simpler.
3 Dynamic saddle : symmetry restoration
With the ansatz (2.12), the gap equation (2.7) simplifies to,
σ(t)
g2(t)
=
∫ ∞
0
dk
pi
A(k, t), where,A(k, t) =
Re
[√
ωk(t)− k
(√
ωk(t) + k
)∗]
|ωk(t)| . (3.1)
Note, that in the static equilibrium case, the above reproduces the correct gap equation,
1
g2
=
∫ ∞
0
dk
pi
1√
k2 + σ2
, (3.2)
which has the equilibrium solution, given by
σ = m0 = 2Λ
epi/g
2
e2pi/g2 − 1 . (3.3)
One can now use the derivative expansion to solve the for ωk(t). The differential equa-
tion satisfied by ωk(t) can be obtained from eq(2.11) by plugging in the ansatz eq(2.12)
(eq(A.1)). See §Appendix A for further details. The integrand in eq(3.1) takes the form
given by equation (A.4). Integrating this over the momentum (with cut-off = Λ) we obtain
1In equilibrium, the ansatz automatically satisfies, hIIk =
1
im
h˙Ik− kmhIk, and maintains |hI±k|2+|hII±k|2 = 1.
for all times.
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a second order differential equation for the saddle σ(t),
24piσ4
g2
= 6(4σ4 − σ˙2 + σσ¨) log
(
Λ +
√
Λ2 + σ2
)
+
3σ2(σ˙2 + σσ¨)
Λ2 + σ2
+
2Λσ2(2σ˙2 + σσ¨)
(Λ2 + σ2)3/2
+ Λ
5σ˙2 − 8σσ¨√
Λ2 + σ2
− 3(σ˙2 − σσ¨) log
(
Λ2 + σ2
)
− 3σ4σ˙2(
Λ
(Λ2 + σ2)5/2
+
1
(Λ2 + σ2)2
)
− 3σσ¨(1 + 4 log σ) + 12σ˙2 log σ − 24σ4 log σ. (3.4)
We solve this equation numerically (without any approximation) with initial equilibrium
conditions that depend upon the quench protocol. Fig.B.6 justifies the derivative expansion,
in that the solution σ(t) is always larger than its time derivatives.
3.1 Numerical results
We use MathematicaR© to numerically integrate the differential equation (3.4) for the
smooth standard quench profile asymptoting between two constant values, the tanh t/δt
function. Working within the regime of validity of the approximation, we find that the
order parameter quickly settles to zero, signalling the approach towards restoration of the
dynamically broken symmetry. We choose equilibrium initial conditions at early times, i.e.,
equation (3.3) along with σ˙(−∞) = 0.
Tanh quench
More explicitly we choose,
g(t) =
gi + gf
2
+
gf − gi
2
tanh
t
δt
. (3.5)
The plot in Fig. 1 shows how the order parameter quickly settles to vanishing value.
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Figure 1: Plot of σ(t) as a function of time. We have chosen cut-off, Λ = 3 with gi = 1.10, gf =
1.1 + 10−4.5, δt = 10, the red inset curve shows g(t) vs. t. In the zoomed inset, the orange
line corresponds to the equilibrium σ for g = gi and the green corresponds to σ for g = gf .
3.1.1 Breaking-Restoring transition
Here we numerically investigate for the tanh quench protocol, the transition from the broken
phase to the restored phase as we vary the quench amplitude for a fixed δt. We notice from
Fig.(2(a)) that if gi and gf are very close to each other, then the quench does not restore
the broken symmetry. In fact, there is a transition at a particular quench amplitude. In
Fig.(2(b)) we show the evidence for the transition. In this figure, the green and the red
quenches do not restore the broken symmetry, while the orange and blue quenches do2.
The green and red corresponds to the case, gf − gi < 10−7.18 while the orange and the
blue curves corresponds to gf − gi > 10−7.18. The critical amplitude depends on the rate
δt. A slower quench requires larger quench amplitude to restore the broken symmetry. It
is the amplitude of the quench at a fixed rate which causes the transition. One could have
equivalently chosen gi > gf and also discussed this transition.
In the next section we have shown that this dynamic transition for a fixed rate as a
function of the quench amplitude can be phrased in terms of thermalization. Later we have
also focussed on the dependence of the transition time on the rate of the quench at a fixed
amplitude. It is this latter case that can be associated to a Kibble-Zurek scaling.
2One can once again check the self-consistency of the numerical solutions by comparing with the time
derivatives as carried out for Fig.(B.6).
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(a) Small amplitude Tanh quench
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(b) Transition from broken to restoration
Figure 2: (a) Plot of σ(t) as a function of time. We have chosen, gi = 1.1, gf = 1.1+10−7.184, δt = 10,Λ =
3, the red inset curve shows g(t) vs. t. The orange line corresponds to the equilibrium σ for g = gi
and the green corresponds to σ for g = gf . In (b) we plot the various σ profiles for different quench
amplitudes.
3.1.2 Effective thermalization
In this subsection we show how the symmetry broken-restoration transition during the
quench can be understood as an effective thermalization. It is useful firstly to define an
instantaneous gap, m(t) = 2Λ e
pi/g2(t)
e2pi/g
2(t)−1 which becomes the gap in equilibrium, m0, eq(3.3).
Unlike the non-linear bosonic O(N)3 model where the thermal phase transition can be
analytically investigated [29], the GN2 thermal transition can only be fully understood
numerically [23, 24]. In equilibrium as the temperature is increased the σ = 0 point becomes
the true minima instead of m0 and the chiral symmetry gets restored. The critical inverse
temperature is found to be, βcrit =
pie−γ
m0
. In the quench context we therefore naturally define
a critical time-dependent βcrit(t) =
pie−γ
m(t) . In equilibrium, one can also define a temperature-
dependent fermionic mass by extremizing the finite-temperature effective potential[23].
This is given by,
2f
(
β2m2β
)
= γ + log
m0β
pi
. (3.6)
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In the above equation
f(a) =
∞∑
n=0
1
2n+ 1
{
1−
(
1 +
a
(2n+ 1)2pi2
)−1/2}
,
and γ = 0.5772156649 is the Euler-Mascheroni constant. Unfortunately, eq(3.6) cannot
be solved to obtain, mβ as a function of β or vice-versa in a closed form. However from
the time-dependent analog of eq(3.6) we can numerically extract an effective β(t). The
equation we solve is,
2f
(
β2(t)σ2(t)
)
= γ + log m(t)β(t)pi . (3.7)
We plot the results in Fig.3. We choose parameters and colours as in §3.1.1. We notice that
both the symmetry restoring quenches (orange, blue points) cross βcrit(t) (red curve) while
the symmetry broken quenches (red and the green points) do not!
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Figure 3: Plot of effective temperature as a function of time for various tanh quench profiles. We have
chosen, Λ = 3, gi = 1.1, δt = 10. The blue, orange, red and green corresponds to choosing
gf = {1.1 + 10−7.16, 1.1 + 10−7.172, 1.1 + 10−7.184, 1.1 + 10−7.188}, respectively. The insets are
zoomed in views of different parts.
4 Emergence of Kibble-Zurek scaling
In this section, we show that the time at which the order parameter goes to zero, can be
identified with the Kibble-Zurek (KZ) time scale in the problem. The Kibble-Zurek time
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is the moment in time when the adiabatic corrections to the time-dependent gap3, become
of the same order as the leading answer. This emergent time-scale dictates all correlations
in the system, which freezes at the KZ scale. As in §3.1.2, it is useful to think of the
quench as a change in the dimensionful parameter, m(t), which is identified with the mass
gap at equilibrium. We let m(t) =
mi+mf
2 +
mf−mi
2 tanh
t
δt . This is achieved practically by
making g(t) a function of time. Next, we plot the dynamic order parameter σ(t) during
the quench for different δt values while keeping the amplitude of the quench fixed. The
results are consistent with the expectation that for slower quenches the order parameter
takes longer time to vanish. See appendix §B for further details. We have taken zero to be
some fixed small number () and find the set of times when σ =  for the different δt’s.
We make sure to be in the regime, Λ > mf , mi > δt
−1, where one expects KZ. However as
emphasised in the introduction, we do not cross criticality (i.e., vanishing m(t)). Now, we
find analytically the scaling of tKZ with δt and show that the zero times extracted from
the numerics exhibit the same KZ scaling.
The analytical analysis is simpler in the Λ/σ  1 limit of (3.4) which simplifies now to,
pi
g2
= log
Λ
σ
− σ˙
2
2σ4
log
Λ
σ
+
σ¨
2σ3
log
Λ
σ
. (4.1)
In the derivative expansion this equation can now be inverted to give (till quadratic order),
σ = m
(
1 +
pi
2m2g2
(
m¨
m
− m˙
2
m2
)
+ . . .
)
. (4.2)
The KZ scale in the problem, arises from the condition of adiabatic breakdown near critical-
ity when the equilibrium mass m(t)→ 0. Mathematically, this occurs when the correction
term is of the leading order. Near this region for slow rates, assuming m(t) ∼ t/δt, we find
the adiabaticity breakdown condition to be, log tKZ/δt ' t4KZ/δt2, this can be solved for
tKZ in terms of the Lambert function to give the scaling:
tKZ ∼
√
δt W (4δt2)1/4. (4.3)
The units are made out of the masses (which in turn depend on Λ) to make the above
equation dimensionally consistent. Next, we find that the same scaling as in eq (4.3) is
exhibited for the restoration time, see Fig. 4.
4.1 Saddle dynamics as Liouville quantum mechanics
We start with the order parameter equation in the limit, Λ/σ → ∞ i.e., , eq(4.1). Under
the change of variables to σ = Λe−y , the first derivative cancels, and the equation becomes
y¨ + 2Λ2e−2y
pi − yg2
yg2
= 0. (4.4)
3which depends non-trivially on the order parameter and its derivatives.
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Figure 4: A fit of the zero times extracted for various ranges as in Fig.B.8 with the scaling function given by
eq(4.3). We use parameters as listed in eq(B.1).
Now if we look at the limit, y → ∞ (keeping σ = Λe−y fixed, such that g2y  pi), quite
surprizingly the above equation becomes independent of g2! y¨ − 2Λ2e−2y = 0. Redefining,
φ = −2y and analytically continuing, τ = it, the resulting equation of motion follows from
the Euclidean action,
S =
∫
dτ (
φ˙2
8
+ Λ2e2φ). (4.5)
This is the action of Liouville quantum mechanics, which results under the double scaling
limit, Λ→∞, φ→ −∞, with σ = Λeφ/2 fixed. Liouville quantum mechanics captures the
dynamics of the zero mode of the Liouville field theory which describes 2D induced gravity
in the conformal gauge [30]. Note that the Liouville field φ, being real, we focus only on
positive σ. Using the conventions of [31], we look at the wavefunction Ψ[φ(σ)] = 〈φ(σ)|k〉,
which satisfies the Schro¨dinger equation, derived from the Hamiltonian corresponding to
the action (4.5):
− 2∂2φΨk + Λ2eφΨk = 2k2Ψk. (4.6)
This has a continuous spectra labelled by k > 0. The wavefunction which is normalized
such that at φ→ −∞, the state : 〈k|k′〉 = 2piδ(k− k′) is given by Ψk = 2Γ(2ik)K2ik
(√
2σ
)
.4
Close to k → 0, |Ψk|2 = 16K0(
√
2σ)2k2 +O(k3). K0(x) is known to satisfy the inequality:√
pie−x√
2(x+a)
< K0(x) <
√
pie−x√
2x
, for x > 0 and a ≥ 1/4,[32]. This implies that the σ → 0
configuration dominates at low energies. This provides a likely explanation in the double
scaling limit for the restoration of chiral symmetry. It is interesting to note that the Liouville
quantum mechanics also describes the long time Schwarzian dynamics in the SYK model
[31].
4We also demand, Ψ[σ]→ 0, for σ  Λ.
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5 Discussion
In this work we have implemented smooth global quench of the quartic coupling in the
Gross-Neveu model5 at zero temperature and in absence of any chemical potential. We
find that as a result of the quench, the order parameter, which is the dynamical sym-
metry breaking fermionic mass, becomes time dependent. Our main finding is that the
quench drives the order parameter asymptotically to zero, thus restoring the symmetry.
Additionally, we have shown that the time of the symmetry restoration exhibits Kibble-
Zurek scaling. Very interestingly, the quench dynamics echoes Liouvillian dynamics which
raises further questions. In §3.1.2 we have also interpreted the dynamical symmetry broken-
restoration transition as an effective thermalization. In smooth quenches in the non-linear
O(N) model [22] and in the SYK model[33], effective thermalization was also observed. The
interplay of smooth quenches and thermalization was also studied holographically in [34].
We have not studied extensively the dependence of the temperature and the thermalization
rate on the quench amplitude or the quench rate, which we leave for future work.
Now, it is known that the thermal GN model (in 2 + 1 dimensions) can be mapped to
the non-critical M-theory [35, 36]. The non-critical M-theory contains the c = 1 Matrix
model in its solution space which in the double scaling limit is described by the Liouville
conformal field theory [30]. Since we start from a 1 + 1 dimensional GN theory, it may not
be surprizing that we end up with the Liouville quantum mechanics. It may be insightful to
follow this series of connections and understand effective thermalization following a quench,
from this perspective. Another situation where similar physics seems to play a role is in
[37],6 wherein one once again solves driven self-consistency equations similar to eq(3.1).
Interestingly, the authors find an effective heating near the critical point and a KZ scale
emerge. Similar ideas of symmetry restoration upon driving also seem to be deep-seated in
[38]. Apart from a more extensive understanding of these connections, we also leave a few
technicalities for future work.
Fast ? In this work we were always in the KZ regime, such that δt−1 < mi,mf . Fast
scalings emerge when the rate is larger than the mass scales [14]. Presently our derivative
expansion does not allow us to access this regime. A full numerical treatment of the prob-
lem by solving directly equation (A.1) will be necessary to study fast quenches.
1/N ? It will also be challenging but useful to investigate the 1/N corrections to the saddle
point equations. There will be two sources, one coming from the Schwinger-Keldysh prop-
agator’s off-diagonal entries, and the other from the traditional 1/N fluctuations around
the semi-classical saddle. If the quench really thermalizes the system, then the expectation
is that the fluctuations will be suppressed. It is to be noted, that using Liouville quantum
mechanics [31] in the double scaling regime, one can estimate the fall-off 〈σ(t)σ(0)〉 ∼ t−3/2.
It will also be interesting to check if the suppression of matrix elements during the quench is
consistent with the Eigenstate Thermalization Hypothesis. The ETH gives a likely criteria
for thermalization [39], note however [40].
Holography ? A UV completion of the zero temperature Gross-Neveu theory in the string
5and also in the Nambu and Jona-Lasinio model, (see appendix §B.1) in 2 dimensions.
6We thank A. Polkovnikov for bringing this work to our attention.
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theoretic setting has been formulated in terms of intersecting D4-D6 branes in [41, 42]. In
the weak string coupling limit, the 1+1-D Gross-Neveu theory emerges in this set-up where
the role of the four-fermion coupling is played by the inverse of the separation between the
D6 branes. Thus a global quench would amount to studying the effective D-brane dynamics
under a drive that moves the D6 branes around. It will be interesting to investigate how
KZ arises here and what happens in the strong string coupling regime which is when the
D-branes are too close to each other. It will also be interesting if the near horizon geometry
in this set-up has any semblance of AdS2 which may give a holographic explanation for the
emergence of the Liouville quantum mechanics description.
Chaos ? Another interesting computation will be that of the out of time ordered correlator
[43, 44], both in the field theory as well as in holography. It will be interesting to compare
the KZ time regime with the scrambling time scale. The Lyapunov exponent was also de-
fined recently in the context of evolution of chiral condensates [45], it will be interesting to
also explore this in the NJL2 context.
Quenching in extended phases ? The Gross-Neveu model also has a rich phase dia-
gram at finite temperature and charge density exhibiting both second as well as a first
order transition [46]. An obvious generalization to the present study is to understand the
quenches between phases in this rich set-up. Additionally both the zero charge / tempera-
ture as well as the finite case is known to have integrability structures [47], which had been
used to find spacetime dependent condensate solutions to the gap equation. Understanding
how such solutions dynamically contribute during a quench may lead to insights towards
understanding the KZ scaling.
To conclude : There are a lot of interesting non-equilibrium phenomena for which the
Gross-Neveu model provides an excellent setting for fruitful investigations.
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A Details of the derivative expansion
From equations (2.11) and (2.12) the equation satisfied by ωk(t) is,
4m2(k − ωk)2ωk + 8kω4k − 4iω3kω˙k +
3k2ω˙2k
ωk
+ ω2k(4ikω˙k − 8k3)
+
2
m
m˙(k − ωk)(2iωk(k2 − ω2k) + kω˙k) + 2kωk(ω¨k + 2k3)
= 4ω5k + 2k(2ω˙
2
k + kω¨k). (A.1)
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We solve the above equation in an  expansion,
ωk =
∑
n≥0
nω
(0)
k , ∂t → ∂t.
To O(0) we have,
ω
(0)
k =
√
k2 +m2. (A.2)
At the next order, the equation yields, ω
(1)
k = 0. To the second order in  we obtain,
ω
(2)
k =
km2m˙2(6
√
m2 + k2 − 5k)
8(2k(
√
k2 +m2 − k)−m2)(k2 +m2)5/2
+
mm¨k (k −√k2 +m2)
4(2k(
√
k2 +m2 − k)−m2)(k2 +m2)3/2 . (A.3)
We have checked for self-consistency that ω
(2)
k > ω
(0)
k . Note, that what appears in the
R.H.S of (2.7) is the correlator for mass = −σ(t) however since, both ω(0)k (t) as well as
ω
(2)
k (t) are symmetric under m → −m, we can just replace m with σ in ωk(t). Next we
plug ωk(t) = ω
(0)
k (t) + 
2ω
(2)
k (t) in the integrand of equation (3.1) and once again keep till
O(2) terms. This yields,
A(k, t) = σ√
k2 + σ2
+
σ˙2k3σ(5k − 6√k2 + σ2)
8
(
σ2 + 2k(k −√k2 + σ2)
)(
k2 + σ2
)7/2
+
σ¨k3
(
k +
√
k2 + σ2
)
4σ2
(
k2 + σ2
)5/2 . (A.4)
B Gap quench, further details
We present the details relevant to §4 for the tanh quench case of the equilibrium mass gap
parameter, m(t). We choose our parameters to be,
Λ = 11, mi = 0.03, mf = 0.6, δt to vary from 34 to 65. (B.1)
As we see in Fig.B.5 naively it seems that the slower rates have a faster change in the
σ(t) profiles, however if we zoom in towards the tail we find that there is a crossing, and
the σ(t) trajectories remain that way henceforth. This is shown in Fig.B.7. Next we choose
a small fixed value,  = 0.00001 and extract the times from the σ(t) trajectories using
the FindRoot function of MathematicaR©. A visual illustration of the process is shown in
Fig.B.8.
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Figure B.5: Plot of σ(t) vs.t for the various rates. The inset curve shows the various quench profiles of m(t).
The colours correspond to different rates, blue : 1/20, orange : 1/25, green : 1/30 and red :
1/40.
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Figure B.6: Plot of σ(t) and its time derivatives vs.t for Λ = 11, mi = 0.03, mf = 0.6, δt = 25. The
blue curve is σ(t), while the green and the orange are the first and second derivatives respectively.
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Figure B.7: The σ(t) trajectories cross and thus the σ(t) corresponding to faster rates go to zero earlier.
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Figure B.8: The zero times are the places in the t-axis where the black straight lines intersect.
17
B.1 The Nambu & Jona-Lasinio model in two dimensions
This is a theory of N massless interacting fermions [48]. The Lagrangian density of this
model is given by,
L = ψ¯ii/∂ψi + g
2
2N
[
(ψ¯iψi)
2 − (ψ¯iγ5ψi)2
]
, i = 1, 2 . . . N. (B.2)
Under chiral transformation ψ → exp(iαγ5)ψ,
ψ¯ψ + ψ¯γ5ψ → exp(2iα)(ψ¯ψ + ψ¯γ5ψ), ψ¯ψ − ψ¯γ5ψ → exp(−2iα)(ψ¯ψ − ψ¯γ5ψ) (B.3)
So, under a given U(1)A transformation above Lagrangian remains invariant. This con-
tinuous U(1)A symmetry disallows the theory from generating a mass term. However the
symmetry gets broken in the equilibrium and generation of mass occurs. To see this we use
similar trick as we did before for the discrete Z2 case (Gross-Neveu model). However, here
we need to introduce two scalar fields, in terms of which the action can be written as,
S =
∫
d2x{ψ¯i/∂ψ − N
2g2
(σ2 + Π2) + (σψ¯ψ + iΠψ¯γ5ψ)} (B.4)
The equations of motion for σ and Π are respectively,
σ =
g2
N
(ψ¯ψ), Π =
g2
N
(iψ¯γ5ψ) (B.5)
We can write these two equation of motion in a combined form
σ ± iΠ = g
2
N
[
ψ¯(1∓ γ5)ψ
]
(B.6)
The action (B.4) remains invariant under U(1)A provided this combination transforms as :
(σ + iΠ)→ exp(−2iα)(σ + iΠ) (B.7)
The path integral now becomes,
Z =
∫
Dψ¯DψDσDΠ exp
[
i
∫
d2x(ψ¯i/∂ψ − N
2g2
(σ2 + Π2) + (σψ¯ψ + iΠψ¯γ5ψ))
]
(B.8)
If we integrate out the σ and Π fields then we get back the original path integral (ignoring
some irrelevant constant)
Z =
∫
Dψ¯Dψ exp
[
i
∫
d2x(ψ¯ii/∂ψi +
g2
2N
{(ψ¯iψi)2 − (ψ¯iγ5ψi)2})
]
(B.9)
In equilibrium one can consider σ and Π as space-time constant fields. Integrating out
equilibrium fermions and then evaluating the saddle in the σ and Π functional integrals
18
gives,
σ2 + Π2 = Λ2 exp(−2pi
g2
).
Now if we parameterise the complex scalar fields as σ + iΠ = ρeiθ, then we have ρ =
Λ exp(− pi
g2
), where Λ is cut-off scalar. For non-zero coupling ρ has some non-zero value
which is a signal of U(1)A symmetry breaking and as a result we get a mass term for the
fermions. Now for implementation of quench in this model we once again promote g → g(t).
Therefore all amplitudes need to be calculated using the Schwinger-Keldysh prescription
and σ and Π become time dependent fields.
The partition function in Schwinger-Keldysh formalism can be expressed as,
Z =
∫
Dψ¯±Dψ±Dσ±DΠ± exp
[
i{S(ψ¯+, ψ+, σ+)− S(ψ¯−, ψ−, σ−)}
]
(B.10)
where, we have
S(ψ¯+, ψ+, σ+)− S(ψ¯−, ψ−, σ−) =
∫
d2x[ψ¯+(i/∂ + σ+ + iΠ+γ5)ψ+
−ψ¯−(i/∂ + σ− + iΠ−γ5)ψ− − N
2g2(t)
(σ2+ − σ2−)−
N
2g2(t)
(Π2+ −Π2−)].
After integrating out ψ± and ψ¯± we have, the effective action,
Seff = −N Tr logD − N
2g2(t)
∫
d2x(σ2+ − σ2−)
− N
2g2(t)
∫
d2x(Π2+ −Π2−) (B.11)
where,
D =
(
i/∂ + σ+ + iγ5Π+ 0
0 −i/∂ − σ− − iγ5Π−
)
. (B.12)
The large-N saddle equation is,
∂Seff
∂σ±
= 0
⇒ σ±
g2
= −Tr
[
1
i/∂ + σ± + iΠ±γ5
]
(B.13)
∂Seff
∂Π±
= 0
⇒ Π±
g2
= −iTr
[
γ5
i/∂ + σ± + iγ5Π±
]
(B.14)
The R.H.S’s are fermionic propagators of a theory with the quadratic term in the action :
χ¯(i/∂ + σ± + iγ5Π±)χ.
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In our convention: γ5 =
(
−1 0
0 1
)
. In the momentum space the equations (B.13) become
σ(t)
g2(t)
= −
∫
dk〈χ¯k,1χk,1〉, Π(t)
g2(t)
= −i
∫
dk〈χ¯k,2γ5χk,2〉 (B.15)
where these fermions satisfy ,(
σ − iΠ i(∂t + ∂x)
i(∂t − ∂x) iΠ + σ
)
χj(x, t) = 0 with j = 1, 2. (B.16)
Now we can proceed with the spinor ansatz:
uk,j(x, t) =
eikx√
2pi
(
hIk,j(t)
−hIIk,j(t)
)
, vk,j(x, t) =
e−ikx√
2pi
(
hII∗−k,j(t)
hI∗−k,j(t)
)
, for j = 1, 2 . (B.17)
The equations of motion in momentum space is now the following coupled ODEs,
h˙IIk,j(t) + ikh
II
k,j(t) + (Π + iσ)h
I
k,j(t) = 0 (B.18)
h˙Ik,j(t)− ikhIk,j(t)− (Π− iσ)hIIk,j(t) = 0 (B.19)
along with the standard normalization condition,|hI±k,j |2 + |hII±k,j |2 = 1. Next, we write the
second-quantized mode expansions of the Dirac fields as:
χ1(x, t) =
∫
dk[Bk,1uk,1(x, t) +D
†
k,1vk,1(x, t)] (B.20)
χ2(x, t) =
∫
dk[Bk,2uk,2(x, t) +D
†
k,2vk,2(x, t)] (B.21)
with, {Bk,j , B†k′,j} = δ(k − k′) and {Dk,j , D†k′,j} = δ(k − k′). One can check easily that,
{χj(x, t), χ†j(x′, t)} = δ(x− x′). Using the commutators we obtain from equations (B.15),
σ(t)
g2(t)
= −
∫
dk
2pi
[hI−k,1h
II∗
−k,1 + h
II
−k,1h
I∗
−k,1] (B.22)
and,
Π(t)
g2(t)
= i
∫
dk
2pi
[hI−k,2h
II∗
−k,2 − hII−k,2hI∗−k,2]. (B.23)
To proceed we propose the following ansatz,
hIk,j =
√
ωk(t)− k
2ωk(t)
e−i
∫ t ωk(t′)dt′
hIIk,j = −
√
σ2(t) + Π2(t)
σ(t) + iΠ
√
ωk(t) + k
2ωk(t)
e−i
∫ t ωk(t′)dt′ for j = 1, 2, (B.24)
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where in equilibrium ωk =
√
k2 + Π2 + σ2. Now in terms of σ(t) + iΠ(t) = ρ(t)eiθ(t) and
using the ansatz one can gets by some algebra
ρ(t) cos θ(t)
g2(t)
=
∫
dk
2pi
[√ωk(t)− k
2ωk(t)
(√
ωk(t) + k
2ωk(t)
)∗
eiθ(t)
+
√
ωk(t) + k
2ωk(t)
(√
ωk(t)− k
2ωk(t)
)∗
e−iθ(t)
]
(B.25)
ρ(t) sin θ(t)
g2(t)
=i
∫
dk
2pi
[√ωk(t)− k
2ωk(t)
(√
ωk(t) + k
2ωk(t)
)∗
eiθ(t)
−
√
ωk(t) + k
2ωk(t)
(√
ωk(t)− k
2ωk(t)
)∗
e−iθ(t)
]
. (B.26)
If ωk is real then these two equations reduce to a single equation
ρ(t)
g2(t)
=
∫
dk
2pi
√
ω2k − k2
ωk
(B.27)
But in general equations (B.25) and (B.26) can be written as
ρ(t) cos θ(t)
g2(t)
=
∫
dk
2pi
[√ |ωk(t)|2 − k2 + 2i k Imωk(t)
4|ωk(t)|2 e
iθ(t)
+
√
|ωk(t)|2 − k2 − 2i k Imωk(t)
4|ωk(t)|2 e
−iθ(t)
]
(B.28)
ρ(t) sin θ(t)
g2(t)
=i
∫
dk
2pi
[√ |ωk(t)|2 − k2 + 2i k Imωk(t)
4|ωk(t)|2 e
iθ(t)
−
√
|ωk(t)|2 − k2 − 2i k Imωk(t)
4|ωk(t)|2 e
−iθ(t)
]
(B.29)
These last two equations are actually equivalent to the equation :
ρ(t)
g2(t)
=2
∫ Λ
0
dk
pi
[√
|ωk(t)|2 − k2 + 2i k Imωk(t)
4|ωk(t)|2
]
(B.30)
=2
∫ Λ
0
dk
pi
A(k, t)
We will solve for ωk(t) and then plug into the above. From equations (B.18) and (B.19)
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the equation satisfied by ωk is
−2ω(k − ω)(2k2ω − ikω′ − 2ω3)(Π′ − iσ′) + iΠ(2kω2(2k(k2 + σ2) + ω′′)
+ω3(−8k(k2 + σ2) + 4ikω′) + 3k2ω′2 − 2kω(kω′′ + 2ω′2) + 8kω5 + 4ω4(σ2 − iω′)− 4ω6)
+σ(2kω2(2k3 + ω′′) + ω3(−8k3 + 4ikω′) + 3k2ω′2 − 2kω(kω′′ + 2ω′2) + 8kω5 − 4iω4ω′ − 4ω6)
+4Π2σω2(k − ω)2 + 4iΠ3ω2(k − ω)2 + 4σ3ω2(k − ω)2 = 0.
We solve this equation by -expansion ,
ωk =
∑
n≥0
(n)ω
(n)
k .
In terms of σ + iΠ = ρei θ we get solution of ωk (up-to 2nd order):
ωk(t) =
1
2
(
− k√
k2 + ρ2
− 1
)
θ′ +
√
k2 + ρ2
−ρ
[kρ(2k2 (k −√k2 + ρ2) θ′2 + (5k − 6√k2 + ρ2) ρ′2)
8 (k2 + ρ2)5/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
) ]
−ρ
[kρ3 (3k − 2√k2 + ρ2) θ′2 + 2kρ2 (√k2 + ρ2 − k) ρ′′ + 2k3 (√k2 + ρ2 − k) ρ′′ + ρ5θ′2
8 (k2 + ρ2)5/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
) ]
+ i
[
−
ρ
(
ρ
(
k2 + ρ2
)
θ′′ − 2k
√
k2 + ρ2θ′ρ′ + ρ2 (−θ′) ρ′
)
4 (k2 + ρ2)3/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
) ].
Next putting this ωk(t) in the integrand of (B.30) and keeping up to O(2) term we
get,
A(k, t) =
8kρ7
(
2
√
k2 + ρ2 − 5k
)
− 16k7ρ
(
k −
√
k2 + ρ2
)
+ 8k5ρ3
(
6
√
k2 + ρ2 − 7k
)
+ 24k3ρ5
(
2
√
k2 + ρ2 − 3k
)
− 8ρ9
16 (k2 + ρ2)7/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
)
+
4k2ρ5
(√
k2 + ρ2 − k
)
θ′ − 4k6ρ
(
k −
√
k2 + ρ2
)
θ′ + 8k4ρ3
(√
k2 + ρ2 − k
)
θ′
16 (k2 + ρ2)7/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
)
+
2k2ρ5θ′2 − k5ρ
(
k − 2
√
k2 + ρ2
)
θ′2 + k3ρ3
(
2
√
k2 + ρ2 + k
)
θ′2 − k3ρ
(
5k − 6
√
k2 + ρ2
)
ρ′2
16 (k2 + ρ2)7/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
)
+
2k5
(
k −
√
k2 + ρ2
)
ρ′′ + 2k3ρ2
(
k −
√
k2 + ρ2
)
ρ′′
16 (k2 + ρ2)7/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
)
+i
[−2kρ5√k2 + ρ2θ′′ + 2kρ4 (√k2 + ρ2 + 2k) θ′ρ′ − 4k3ρ3√k2 + ρ2θ′′
16 (k2 + ρ2)7/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
) ]
+i
[4k6θ′ρ′ − 2k5ρ√k2 + ρ2θ′′ + 2k3ρ2 (√k2 + ρ2 + 4k) θ′ρ′
16 (k2 + ρ2)7/2
(
2k
(√
k2 + ρ2 − k
)
− ρ2
) ].
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Integrating this over momentum with a cut-off Λ we get ,
−8piρ
g2
=
4iΛθ′
(
Λ +
√
Λ2 + ρ2
)
ρ′
ρ4
+ θ′
(
−4 tan−1
(
Λ
ρ
)
+
iρ′
Λ2 + ρ2
)
− ρ
′2
Λ2ρ+ ρ3
+ρ
(4θ′ (Λ2 + ρ2)2 + θ′2 (Λ + 2√Λ2 + ρ2) (Λ2 + ρ2)+ (Λ +√Λ2 + ρ2) ρ′2
(Λ2 + ρ2)5/2
−8 log
(
Λ +
√
Λ2 + ρ2
))
+
− 4Λθ′2√
Λ2+ρ2
+ 4θ′
√
Λ2 + ρ2 + 4Λθ′
ρ
+
(
θ′2 + i θ′′
) (
log
(
Λ2 + ρ2
)
+ 2 log
(
Λ +
√
Λ2 + ρ2
))
− 4Λρ′2
3(Λ2+ρ2)3/2
ρ
+
−2iΛθ′′
(
Λ +
√
Λ2 + ρ2
)
+ Λθ′2
(
Λ +
√
Λ2 + ρ2
)
ρ3
+
ρ′2
(
− 5Λ
3
√
Λ2+ρ2
+ log
(
Λ2 + ρ2
)
+ 2 log
(
Λ +
√
Λ2 + ρ2
))
ρ3
−
8Λρ′′ − 3i
√
Λ2 + ρ2
(
log
(
Λ2 + ρ2
)
+ 2 log
(
Λ +
√
Λ2 + ρ2
))
(2θ′ρ′ − iρ′′)
3ρ2
√
Λ2 + ρ2
− ρ
′′
Λ2 + ρ2
+
2Λρ′′
3 (Λ2 + ρ2)3/2
+
ρρ′′(4 log(ρ) + 1)− 8ρ3θ′ − 4ρ′2 log(ρ) + 8ρ4 log(ρ)
ρ3
+
iρθ′ρ′(8 log(ρ)− 1))− 2ρ2 (θ′2(2 log(ρ) + 1) + 2iθ′′ log(ρ))
ρ3
. (B.31)
Note that the right hand side has both real and imaginary parts. We solve this equation
numerically with initial conditions that depend on the quench protocol. When ρ and θ are
independent of time we get the equilibrium solution, ρ = 2e
pi
g2 Λ
e
2pi
g2 −1
. We take this as initial
boundary condition along with ρ˙(−∞) = 0, θ(−∞) = 0 and θ˙(−∞) = 0 while we solve
equation (B.31) The plot in Fig. B.9 that order parameter ρ goes to zero after some time
which is a signal of the restoration of dynamically broken U(1). We also note that θ acquired
some VEV after some time which is manifestation of CP violation[49]. This is consistent
with the quench which breaks T and the theory respects CPT 7.
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